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In this paper the following formula for the genus of the symmetric quad& 
partite graph is proved. y(K,,,,,,,) = (n - 1)” for alI. IZ f  3. 
The quadripartite graph K,,,,,,, may be described as follows. It has 4?2 
vertices, grouped in four subsets of 12 vertices each. A pair of vertices is 
adjacent if and only if they are not elements of the same such subset. 
For the purposes of later arguments, it will be convenient to use a special 
version of the above description. Label the 472 vertices with the elements of 
some group G with order 4n. Pick some normal subgroup H with index 4 
in G. Then two vertices are adjacent if and only if they do not belong to 
the same coset of H. 
K l,l,l,l is the same as the complete graph K4, which is well known to be 
triangularly embeddable in the sphere. Pi re 1 gives a tria~~~la~ 
embedding of K,,z,z,z in the torus. In general, the Euler formula is 
compatible with a triangular embedding of K,,,,,,, in the orientable 
surface of genus (n - 1)“. It has been conjectured by Ringel [l] that such 
embeddings exist and for the case n = 2 (mod 4) Barman [2], has con- 
structed such embeddings. In this paper embeddings for all y1 # 3 are 
constructed. 
It is known that a triangular embedding of a graph may be represented 
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by a scheme of the following type. To each vertex there is a line consisting 
of a cycle of all the vertices adjacent to the given vertex. Thus in the case 
ofK n,lZ,n,?l 9 with G and Has described above, if v is in a given coset of H, 
the v-line will be a cycle of the elements of the remaining three cosets. 
In addition, for the scheme to be triangular it must satisfy Rule d*: If 
in the iline *--jk ..* appears, then in the k-line .** ij *+* appears. 
Such schemes can be generated in the following way. Assume there is 
a line, the [O]-line, which is a cycle of the elements of G - H. Then for 
each 01 E G one may obtain an a-line by adding a to each element of the 
[O]-line. Since no element of H appears in the [O]-line, no element of the 
coset olH will appear in the a-line. On the other hand, since each element 
of G not in H appears in the [O]-line, each element of G not in aH will 
appear in the a-line. Thus the a-line is a cycle of the elements of the 
cosets to which cy. does not belong, and one obtains a scheme for K,,,,,,, . 
If the LO]-line is suitably constructed, as will be further discussed below, 
the scheme will satisfy Rule 8*. Such a scheme is called index one. 
Alternatively, one may begin with two lines, the [O]-line and the [l]-line, 
which are both cycles of G - H. Choose a coset /?H that has order 2 in 
the factor group G/H. Then, given 01 E G, obtain the a-line by adding 01 
to the [O]-line if 01 E H u /3H or to the [II-line if 01 is not in H or PH. 
In this case the scheme is known as index two. Table I is an index one 
TABLE1 
PI 132i???? 
0. 132i3Z 
1. 24302i 
2. 334iio 
3. 423201 
4. 7i2312 
3. 2oi423 
2. iloJ34 
1. 021243 
scheme for Kz,z,z,z , which gives the embedding in Fig. 1. Table II is an 
index two scheme for K4,4,4,4 . Here 5 = --a. The groups G are Z, and 
Z,, , respectively. His the subgroup generated by 4, <4), in both cases. 
To construct appropriate generating lines for index one or index 
two schemes, one uses the technique of current graphs. A current graph is 
a digraph with values from the group G assigned to each of its arcs. 
CSZWJS OF f&n,,,, 
TABLE If 
183 
PI 2i6753521673 
HI 25671327T465 
0. 2T6755321673 
2. 41s773i03a55 
4. 63657i125257 
6. 85$431347013 
8. 672i43567215 
6. 9701i5785433 
3. 252317763651 
i. 03453754T871 
1. 365824i6027& 
3. 5846461$2072 
5. 76Ta68324250 
7. 731286506452 
7. Ti3063728614 
5. 405282746816 
3. i27420563638 
i. 14760238iaj6 
Rotations are assigned to each of its vertices so that either one of two 
circuits is induced, depending on whether the scheme in question is to be 
index one or two. The generating line(s) is obtained by taking what is 
known as the log(s) of the circuit(s). The log of a circuit is a sequential 
listing of the values on the arcs traversed by the circuit. If an arc is traversed 
in the same sense as the direction associated with the arc, the value on the 
arc is recorded as is. If the arc is traversed in the opposing sense, the 
inverse of the value is recorded. The current graphs from which the 
generating lines for Tables I and II are obtained are shown in Figs. 2 
and 7, respectively. In Figs. 2-12, pairs of end arcs marked with the same 
letter are to be regarded as connected, forming one arc. This is done in the 
interest of simplifying the figures. Further, a solid dot on a vertex indicates 
clockwise rotation, a hollow dot indicates counterclockwise rotation. 
A ’ 
3 
I 
B 
2 
B 3 I A 
FIGURE 2 
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FIGURE II 
FIGURE 12 
Current graphs have been used extensively in the proof of the Heawood 
coloring theorem and other embedding problems. The proof that current 
graphs satisfying the following construction principles will produce lines 
which generate triangular embeddings is analagous to these previous 
constructions and will be omitted here. The reader unfamiliar with current 
graphs, A* schemes, etc., is referred to 131. 
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Index One Principles 
(01) All vertices are valence one or three. 
(02) Rotations are assigned to vertices so as to induce a single circuit. 
(03) Values from a group G with 1 G / = 4n are assigned to the arcs 
in such a way that the log of the circuit contains each element of G - H 
exactly once, where H is some normal subgroup with index 4. 
(04) At each vertex of valence three, the sum of the values on the 
arcs directed toward the vertex minus the sum of the values on the arcs 
directed away from the vertex is 0 in G. 
Index Two Principles 
(Tl) Same as (01). 
(T2) Rotations are assigned so as to induce two circuits. 
(T3) Values from the group Z,, are assigned to the arcs in such a 
way that each element of Z,, - (4) occurs exactly once in the log of 
each circuit. 
(T4) Same as (04). 
(T5) If an arc is traversed in both directions by the same circuit the 
value on the arc is an element of (2), and conversely. 
The index two case can be stated in more generality. We use the group 
Z,, exclusively in these cases and state the principles as above for 
convenience. The log of one circuit will generate lines for vertices from (2), 
the other circuit generates the remaining lines. It is arbitrary which circuit 
is used in which role, providing the choice is fixed once made. 
Index One Cases 
(i) n = 2 (mod 4). Here the group used is Z,, and H is (4). The 
current graph for n = 2 is given in Fig. 2, for n = 6 in Fig. 3, and for 
general n in Fig. 4. Principles (01) and (02) are easily checked. The values 
are arranged in various arithmetic combs of difference 8, thus satisfying 
(04). The values on the upper horizontals together with their inverses 
comprise all the values congruent to 3 (mod 4) repeated exactly once. 
Similarly, the residue classes 1 and 2 (mod 4) are used on the lower 
horizontals and the verticals, respectively. No element of (4) is used. 
Thus (03) is satisfied. 
(ii) n = 1 (mod 4). We use the group Z, x Zzn . H is 0 x (2). 
Figure 5 is the solution for II = 5, and Fig. 6 for general n. Only the 
second component of the values is given in the figures. The heavier arcs 
have first component 1. The lighter arcs have first component 0. Thus, 
for example, the rightmost arc in each figure has the value (I, 0). 
rinciples (Ol)-(04) are easily checked. 
Index Two Cases 
(iii) n = 0 (mod 4). Figure 7 gives the solution for n = 4: Fig. 8 for 
y1 = 8, Fig. 9 the general case. Pt is easy to check (Tl), (T2), and to see 
that the ladders form arithmetic combs so that (T4) holds. Noting that the 
horizontals have odd values and are traversed by both circuits, whereas the 
remaining arcs have even values and are never traversed by both circuits, 
verifies (T5). One circuit traverses each horizontal arc from left to right 
and it is easy to see from the symmetry of the values that this exhausts 
the odd residue classes (mod 4). The same circuit also traverses each of 
the vertical arcs in the left-hand ladderlike portion twice, thus logging 
exactly once all the values congruent to 2 (mod 4). An analagous argument 
for the other circuit implies (T3). 
(iv) $2 = 3 (mod 4), n # 3. Figure 10 gives the solution for 
Fig. 11 for m = 11, and Fig. 12 for general IZ. Checking (Tl)- 
similar to case (iii) and is omitted. Computer analysis indicates that no 
triangular embedding of K3,3,3,3 exists. 
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